Google

Federated Composite Optimization

(arXiv: 2011.08474)

Honglin Yuan, Manzil Zaheer, Sashank Reddi

Thanks to: Zachary Charles, Zheng Xu, Andrew Hard, Ehsan Amid, Amr Ahmed,
Aranyak Mehta, TensorFlow Federated team



Federated Learning woresetat. 15 Notation: wfl,= s
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FEpDAvG: the de facto standard of FL
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. . mt client
FEpAvc: Generalized Formulation Notation:wf:‘k_i D round,

[Karimireddy et al., ICML'20, Reddi et al., '20, etc] k™ local iteration

Algorithm 1 Federated Averaging (FEDAVG)

1: procedure FEDAVG(wy, 7, s)

2: forr=0,...,R—1do

3 sample a subset of clients S, C [M] Client sampling
4 on client m € S, in parallel do

5: client initialization wy’y <— wy

6: for k=0,...,K—1do Client update

7 Ik Vf(w;i‘k; &%

8 Wy'kt1 < Weg — N " Grk

9

_ 1
Ay = 1S Zmesr (wTK — wro)
10: Wyl < Wr + 7 - A, Server update with server learning rate 7
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Introducing Federated Composite Optimization (FCO)

e FedAvg (and other existing FL algorithms) solves unconstrained (smooth) problem only

M
0, 4 ._ .
©  oeRs M T;Fm(w) , Where Fin(w) := E¢np,, [f (w; €)] [e.g., Woodworth et al., NeurlPS'20]

weRd
N Data distribution of the mt" client

e We propose Federated composite optimization (FCO)

M

1 . . .

o 1%& D (w) := 7 E [Fm(w) + ¥m(w)], where y,,, is convex composite functions
m=1
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Example of 1,,,: FL with Regularization

e Lety,,(w) be regularizers

e Federated Lasso for sparsity representations

min —- Z E(z y)~p, 127w — yll3 + Allwll:

Potential application: cross-silo distributed biomedical data

e Federated matrix completion for recommendation system

1 M

i > Fn(W) + AW« — Matrix nuclear norm promotes low-rank

=il

Google

mln Ar Z [Fm(w) + ¢m(w)]




Example of y,,, : FL with (Personalized) Constraints

M
. 0 ifwecC min — 3 [Frn(w) + i (w)]
e Lety,,(w) be convex indicator {+OO fwéC weRrt M £~
i M
min Mm=lFm(w)

e Problem becomes M
st. we ﬂ C,, = Fulfill all constraints

m=1

e Budgeting, each customer has a budget constraint
e FL with monotonic constraints = Improve interpretability

e Inputs welcome!

Google



i M
min =2 > [Fn(w) + Yim (w)]

Mix & Match of Setups

e Homogeneous vs heterogeneous objective E,,: standard “heterogeneity” in FL
[e.g., Li et al., MLSys’20, Karimireddy et al., ICML'20, Woodworth et al., NeurlPS'20]

e Homogeneous vs heterogeneous composite ,,

e Client and/or server access to composite oracle ,,
o Client-side oracle: better convergence? Privacy for personalized constraints?

o Server-side oracle: computationally light

e In this work, we focus on homogeneous ,,, = ) but allowing for heterogeneous E,,

min ®(w) : Z Fp(w) + ¢(w)

wERT
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Composite 101: Proximal Gradient Descent

e Consider sequential min F(w) +¢(w), where F smooth, y “simple” and convex

e Proximal Gradient Descent (PGD)

Wit1 ¢ Prox,,, (wy — nVF(w;))

) 1
:= argmin {F (wg) + (VF (wy) ,w — wy) + o |lw — ’wt||§ + ¢(w)}
w
First-order Taylor expansion of F Smoothness estimation

e prox operator can often be computed analytically

Yt+1

P(w) = xc(w) = 0 ifwed > Projected GD gradient step N
XTI L ifw ¢cC ! €3
1 2
P(w) = 5)‘““’”2 > Weight decay (variant)
Image source: [Bubeck, 2015]
Y(w) = A|wl|1 = Soft-thresholding
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First Attempt: FEpAvc + Proximal Gradient Descent i&&
Ny

Algorithm 1 Federated Averaging (FEDAVG) Algorithm 2 Federated PGD
1: procedure FEDAVG(wo, 7, 7s) 1: procedure FEDPGD (wo, 7c, 7s)
2: forr=0,...,R—1do 2: forr=0,...,R—1do
3: sample a subset of clients S, C [M] 3: sample a subset of clients S, C [M]
4: on client m € S, in parallel do 4: on client m € S, in parallel do
5: client initialization w; < wy 5: client initialization w;" < w,
6: for k=0,...,K —1do 6: for k=0,...,K —1do
7: 9% — V(W% &%) 7: 9% < V(W &%)
8: Wy < Wep — Ne Ik - & W1 € ProxX, o, (Wi — neg;y)
1
10: Wrt1 < Wr +Ns - Ay — 10 Wyi1 < ProX, . g (Wr +nsA,)

min B(w) = — 3 Fn(w) + $(w)

weERE M
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First Attempt: FEpAvc + Proximal Gradient Descent %

e Challenge: Averaging and proximal operations discord
o Averaging and (nonlinear) proximal operators do not commute

o Intuition: Averaging on post-projected points “blunt” the sharpness of projection

Projection Average

v
v

Average Projection

v
v
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min F(w) + ¢¥(w)

Composite 201: (composite) Mirror Descent

[Nemirovski et al., 83, Duchi et al., COLT’10]

1
PGD: w1 = argmin {F (w) + (VF (wy) ,w — we) +Y(w) + o |w — wt”;}

Arbitrary distance-
generating h

MD: w1 = argmin {F (w) + (VF (wy) ,w — we) + (w) + %Dh(w,wt)}

w

[ . i Dy, (w,wy) := h(w) — h (wy) — (Vh (w) , w — wy)
Primal-dual interpretation of MD b, we) = h{t u  (we) , w — 1

o zy = Vh(w) Forward mirror (Primal -> Dual)
O Yerq1 =2 —n-VF(w;)  Gradient step (in dual space)
o Wgp1 = V(h+nY)* (¥e4+1) Backward mirror (Dual -> Primal)

* indicates convex conjugate

Wy "wt+1 W¢yo  Primal space
. P
D) () %
VA(:) ™ V(h +ny)*( )// N /
Zt —> Vt+1 Zty1— > Vi+2 Dual space
—nVF(wy)
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Federated Mirror Descent (FEbMiD)

e Federated Mirror Descent (FEpMiD) generalizes Federated PGD

Algorithm 2 Federated PGD Algorithm 2 Federated Mirror Descent (FEDMID)

1: procedure FEDPGD (wg, 7., 7ns) 1: procedure FEDMID (wo, 1., ns)

2: forr=0,...,R—1do 2. forr=0,...,R—1do

3 sample a subset of clients S, C [M] 3 sample a subset of clients S, C [M]

4 on client m € S, in parallel do 4 on client m € S, in parallel do

5: client initialization w; < w. 5: client initialization w;" <= w;

6: for k=0,..., K —1do 6: for k=0,...,K —1do

7 9o < V(W &% 7 9y & VI(w; &%

8 W41 & ProXy o (VA(W) = neg)  —> 8 w11 V(h+n1e$)* (Vh(w,) — 1eg™,)
9 9

' Ar = 157 Limes, Wik — i) ' Ar = 15,1 Zmes, (Wi — )
10: Wr41 < ProxnsncKw(Vh(wr) +nsAr) — 10: Wrt1 < V(h +nsneKP)* (Vh(w,) + nsAr)
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min F(w) + ¢¥(w)

Composite 202: Dual Averaging

[Nesterov et al., ‘09, Xiao et al., 10, Flammarion et al., COLT’17]
Dual Averaging (a.k.a. Lazy Mirror Descent)
wy = V(h + nty)*(2:) Backward mirror (Dual -> Primal) — retrieve primal
= argmin {(—21, w) + ntp(w) + h(w)}

zt41 =2t — 1N VF(wy) Gradient step (in dual space)
Wy W1 Wer2  Primal space
A A A
| V(R +nt)* () i V(h +n(t+ DY) () |
Zt > Zt+1 » Zt+2  Dual space
—nVF (wg) —NVF(Wet1)
Recall MD:
W, Wit W:y,  Primal space
.“.‘ * ~ ", o
VA() ™ V(h +ny) ()// "y //
Zt —> Vt+1 Zty1— > Vt+2 Dual space
—nVF(we)
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Mirror Descent vs Dual Averaging

Wt.. ’Wt_,_l Vi’t Wiﬂ
VA() ™ VAT V(R + ) () ;
Zp = V11 Zt > Zt41
—nVF (W) —NVF(w¢)
* Forward and backward mirror *  Backward mirror only
* Persistent primal states * Persistent dual states

Google



] _ N m™" client
Federated Dual Averaging (FEDDuaLAvg) No@ton:wi= g

k™ local iteration
[WO 0] . [Wé,l(] / \ I [W1 0_ [W1 K]
N

Zo0| K steps of DA 23,1; Z10 | Zik

W W 6 > W W1 K

Z50 2o, K zio | 2, K
Average dual

- = 3
\ W5 . W03,K & \ Wio . Wik

; D Broadcast Zi 50

20,0 Zo K

= M
Wo0
[ ’ ]
M
0,0
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] e m_l—rmth client
Federated Dual Averaging (FEDDuALAvG) NotUonwri= o onq,

k" local iteration

Algorithm 3 Federated Dual Averaging

1: procedure FEDDUALAVG(wo, 7c, 7s)

2:  server initialization zy <~ Vh(w)

3: forr=0,...,R—1do

4: sample a subset of clients S, C [M]
5: on client m € S, in parallel do
6 client initialization 2,7y < 2

7 for k=0,..., K—1do

8 ﬁr,k < nsncTK + nck

9

' Wy < V(h+ ﬁ’"’k@b)*(zzlk) = Compute primal point
10: 97% < V(wl; E7%)
11: 2%+l < 2% — Ne9rk — Client dual update
12: A = ﬁ >_mes, (Zrx — 210)
13: Zry1 ¢ Zr + NsAr — Server dual update
14: Wrt1 < V(b +nsnc(r + 1)K9)* (2r41) — (Optional) primal output

Goc -
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FepMiD (a.k.a. FEbPGD) vs FEpDuaLAve

Google

Wt. ’Wt+1
Vh(-) ‘ V(h + mp)*(-)//
Zt —> Vt+1
—nVF(we)

Forward and backward mirror

Persistent primal updates

FeEpMiD: average the primal
theoretically challenging due to the

nonlinearity of mirror map.

N

Vft Wii1

1 V(h + ntY)*(- !

Zt > Zt+1
—nVF(w)

Backward mirror only

Persistent dual updates
FepDuaLAva: average the dual
Enjoys nice theoretical interpretation via

dual shadow sequence.

outperforms FEpMiD empirically.



. . min P (w — Y(w
Theory: Blanket Assumptions i, B(u)i= 37 3 Fnlw) + 40
where Fp(w) := Egnp,, [f(w; €)]
Assumption 1. Let || - || be an arbitrary norm and || - ||, be its dual norm.
(a) ¥ : RY = RU{+oc} is a closed convex function with closed dom). Assume ®(w) = F(w) + ¥ (w)
attains a finite optimum at 6* € dom1).

(b) h : R — RU {+00} is a Legendre function that is 1-strongly convex with respect to || - ||. Assume
domh O dom ).

(c) f(-,€) : RY = R is a closed convex function that is differentiable on dom for any fized €. In addition,

f(-,€) is L-smooth on dom v, namely for any u,w € dom),
(c): smoothness of f

F(u3€) < f(w:8) + (Vi &), u—w) + 5 Llju— ]

(d) Vf has o?-bounded variance under || - ||. norm within dom ), namely for any w € dom 1), (d): additive bounded

E¢np,, |V f(w,€) — VE,(w)|? < o2 variance

(e): full participation (for

(e) Assume all the M clients participate in client updates for every round, namely S, = [M].
simplicity of exposition)
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Theorem 1: Small Client Learning Rate . Regime

In small n. regime, both FEpM1D and FEpDuaLAve can match minibatch rate

Theorem 1. Assuming A1, for sufficiently small n., and appropriate 7, both FEoMiD and
FepDuaLAvc can output w such that

LB _ oB:
R  M:K:R>

where B := D, (w*,w,) is the Bregman divergence distance between optimum w* and initial w,

E[®(w)] - ®(w") S

L: smoothness
o: variance bound
M: # of clients
K: # of local steps
R: # of rounds
Google



Stronger Guarantee for FEbDuaLAvc (bounded gradient)

We establish (possibly) stronger guarantee for FEbDuaLAve with larger n. and unit ng = 1

Theorem 2. Assuming A1, and in addition assume sup ||V f(w,&)||« £ G, thenforn, =1 and

wEdomy)
N, < ﬁ, FepDuaLAvc can output w such that

i [(I) (w)] B (I)(w*) < B n 77c0'2 N 7']2LK2G2
~nKR M
Moreover for appropriate 7, e e step)
LB oB3 L3B3G3

B
E[® ()] — ®(w™) < + +
matches [Stich ICLR’19] bound on
smooth unconstrained FEDAVG

win| Wl

Google

B = Dh(W*' WO)

L: smoothness

o: variance bound
M: # of clients

K: # of local steps
R: # of rounds



Stronger Guarantee for FEnDuaLAve (quadratic F)

We can relax the bounded gradient assumption if F is quadratic, and heterogeneity is bounded.

Theorem 3. Assuming A1, and in addition assume Sup |V Em(w) — VE(w)|l« < ¢?

wedomi
and F is quadratic, then FEpDuaLAve can output w such that

B 2
E[® (0)] — ®(w*) < + % 4 2LKo? + n?LK?¢?,

nCKR M
‘ faster convergence
moreover for appropriate n, (usefulness of client step)
1 152 2 152 .2
A LB oB? L3Bsg3 L3B3(3
E[®(w)] - ®(w") S —5 +—5 + 3
K R M:Kz2R3 K3sR3 R3
B = D,(W*, wyp)
matches best known bound on L: smoothness
smooth unconstrained FEDAvVG o: Varianqe bound
[Khaled AISTATS’20, M: # of clients

K: # of local steps

Google Woodworth NeurlPS’20 etc] B 4 of rounds



Summary of Theoretical Results

e FepMiD & FepDuarAvg, small n,:

e FepDuarAvg, larger n,.:

Google

LB oB3

R +JW%K%R%

LB_+ oBz L3B3G3

KR M3:K3R3 R3

LB ocB2 L3B3ig3 L3B3(3
KR+M%K%R% K3R% * R

B == Dp(w*,wy) K: # of local steps

L: smoothness R: # of rounds

o: variance bound G: gradient bound

M. # of clients {: heterogeneity bound



Proof Sketch -- FeEpDuarAve

M
. ° - 1 " ” . °
Main observation: the averaged dual zx := i > 7 “almost” does centralized dual averaging
1

m=

M
1 Vari .
_ m . ¢m ariance-reduced but biased
Zrk+1 — Zr,k — T - _Z‘[ E : Vf(wr,ka €r,k) stochastic gradient oracle
m=1

Step 1: convergence of the averaged dual (a.k.a. perturbed iterate analysis)

—1

1 R K B 7702 I R-1K—-1 M
D ~'I" * 'r'_ — * < c T—_ :‘n z
E [@ (KR >V (bt i) (2 k)>] W< wrt o kR [ SN Elzr — 2l

r=0 k=1

7

Rate if synchronize

every iterations Discrepancy overhead

Step 2: bound E||z% — zrk|ls by stability analysis

Google



Experiments

e Platform setup: TensorFlow/Federated & google-research/federated

e We evaluate the following 4 algorithms:

Google

1.

2,

Federated Dual Averaging (FEDDUALAVG)
Federated Mirror Descent (FEDM1ID)
FEDDUALAvVG-OSP (only-server-proximal)

FEDM1D-OSP (only-server-proximal)

potential light computation
but less principled
- for ablation study purpose



FEpMi1D vs FEbMiD-OSP

Algorithm 2 Federated Mirror Descent (FEDMID) Algorithm 4 Federated Mirror Descent Only Server
1: procedure FEDMID (wg, ¢, 7s) 1: procedure FEDMID-OSP (wo, nc, 7s)
2: forr=0,...,R—1do 22 forr=0,...,R—1do
3: sample a subset of clients S, C [M] 3: sample a subset of clients S, C [M]
4: on client m € S, in parallel do 4: on client m € §, in parallel do
5: client initialization w;" < wy, 5: client initialization wy’y <~ wr
6: for k=0,..., K —1do 6: for k=0,..., K—1do
7 9ry < Vf(ka,ﬁgfk) 7 grk «~ Vf(w w, s 6 )
8: wly vy < V(h+1:9)" (VR(W) — 1cgr%) 8: w,. k+1 = Vh*(Vh( %) — Medr%) >
9: A, = ]sl—r| > mes, Wik —wro) 9: Ar = |5 | :mes (wr,K - w’r,O)
10: W1 < V(h + nsncK)*(Vh(w,) + nsA) 10: W41 < V(A + s KY)*(Vh(w,) + nsAy)

Google



Experiment 1: Federated Lasso on Synthetic Dataset

Synthetic dataset: y = xTw* + b* + ¢; known sparse ground truth w*

(]
(64 clients, 128 samples per client, ground truth density 512/1024)

M
1 T
o Problem: 372 Eeoonle o b=ph+ Al

Metric: F1-score of the estimated sparsity, precision, recall, density

1.000 1
0.975 1

/?W 1.0
0.9
5 | 0.950 1 g g
) x[© ! 8
v G 09259 7 08
o 2 0.900 4 >laJ =
o . 3 L
0.87514 0.7
I
0.850 4+
0 200 400
Round r
—+— FEDDUALAVG ~+-  FepMID --#- FEDDUALAVG-OSP —X— FEDMID-OSPJ

For all algorithms, we tune only 7,
and n to attain the best F1-score
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Experiment 1: Sparser Ground Truth

e Sparser dataset: (64 clients, 128 samples per client, ground truth density 64/1024)

Google
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— r —
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O 9904k @ ! Z
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Ry ¥ é Sse
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Even sparser dataset: (64 clients, 128 samples per client, ground truth density 8/1024)

precision

1.0 A

0.8

0.6

0.4 1

0.2 A

0.0

1.00 T & 3 4 FK P MK RHK 1.0
0.98 1 : 0.8
L 0961 | v
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§0.94- ] 2
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0 200 400 0 200 400
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Experiment 1: More Distributed Data

Even more distributed: (256 clients, 32 samples per client, ground truth density 512/1024)

([
1.00 - 1.0
c y 0.9
5 s N e
0 | 4 O
] 2o % 0.8 .
9] 09041 | i o
= i i o
L 071 [0 sochgmendted %
oss{ M ORI
. ANy /]
& - 4
0 200 400 0 200 400
Round r Round r

—#~— FEDDUALAVG -+= FEDMID --@-- FEDDUALAVG-OSP —X— FEDMID-OSP]
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Experiment 2: Low-Rank Matrix Estimation
e Synthetic dataset: y = (X,W™) + b* + &, known low-rank ground truth W~

(64 clients, 128 samples per client, ground truth rank 16/32)

e Problem:

We

M
. 1 )
Rty per M D Exyyan, (X, W) +b=9)* + AW [lnue
’ m=1

e Metric: training loss, validation mse, recovered rank, recovered error (in Frobenius norm)

* 30 - 41
._. 1) A o
2 304 T, 2 30 S 2
o \ c _; O 3
25
g’ \ . (@) 20 - () E.'
£ 20 * L3 o :q_) o
[ o, (© S > 2
'5 " .-9 (@] 20 - (@)
thd * oo = 10 - O Y
+ 10 - \4\4_ "'"..... © Q (O]
SV > bt 1
XSSk 1
0 200 400 (0] 200 400 0 200 400 0 200 400
Round r Round r Round r Round r
—~— FEDDUALAVG -+-  FEDMID --@- FEDDUALAVG-OSP —x— FepM1D-OSP —-= optimumj
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Experiment 2: Sparser Ground Truth

e Lower rank dataset: (64 clients, 128 samples per client, ground truth rank 4/32)

. o 30 %y )
I ~ >( .,
2 151 ¥, L 125 C 25 ] ’*’ X S 20 \ e,
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‘. O 154 ;,-r oo
c . R > ‘ 12 1.0 % oo,
s B s0- g 8 Ky
5 54 &5 teeeese 9 10 . b ,’&;_.\,_+++_F
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0 200 400 0 200 400 0 200 400 0 200 400
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e Even lower rank dataset: (64 clients, 128 samples per client, ground truth rank 1/32)
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Experiment 2: More Distributed Data

D
o

training loss

=
o
1

Google

More distributed: (256 clients, 32 samples per client, ground truth density 512/1024)

w
o
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Experiment 3: Sparse Logistic Regression for fMRI

e Dataset: fMRI scans on response to binary image recognition

(6 subjects, 11-12 sessions per subject, 18 scans per session, 39,912 voxels)
e Federated Setup: Each client possesses the data of a session. (59 training clients in total)
e Problem: I1-regularized logistic regression

e Metric: density, validation accuracy

2.0 > Y 1.0 9% >
O 3 W*X—X*x—x 3 O
0 {© 081 aBM004906<52T TR 8
3 S ¥ =
= O X o
S G 0.7 ,,’:*% &%' © 0.7
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o o A 2
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0 100 200 300 0 100 200 300 0 100 200 300 00 02 04 06 08 10
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Experiment 4: norm-ball constrained FL
e Dataset: Federated EMNIST (10 classes or 62 classes)

e Metric: Training loss, training accuracy, test accuracy

e L17-constrained logistic regression for EMNIST-10
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>
o .
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9 0.45 g 5
o) 3 0.89 1 S 0.89 1
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=0 —_ ©
© 0.86 = 0.86
- © ]a
0.30 T T T T T T 0.85 T T T T T T > 0.85 T T T T T
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Experiment 4: norm-ball constrained FL

e L[2-constrained logistic regression for EMNIST-10
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Experiment 4: norm-ball constrained FL

e [17-constrained 2-hidden-layer NN on EMNIST-62
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Thank you!
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